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factoring multivariate polynomials over a.i c number fields

oy

A.K. Lenstra

ABSTRACT

Ne present an algorithm to factor multivar olynomials over algebrai
aumber fields that is polynomial-time in t rees of the polynomial t
oe factored. The algorithm is an immediate alization of the polynom
time aigorithm to factor univariate polyno with rational coefficien
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:roduction.

>w that the algorithm from [7] to factor univariate polynomials with
1al coefficients can be generalized to multivariate polynomials with
.cients in an algebraic number field. As a result we get an algorithm
ls polynomial-time in the degrees and the coefficient-size of the
smial to be factored.

\n outline of the algorithm is as follows. First the polynomial

x)[Xl,X ,Xt] is evaluated in a suitably chosen integer point

2" 0

5

2,X3 =53, ...,Xt==st). Next, for some prime number p, a p-adic
icible factor KA of the resulting polynomial ¥e¢ Q(a)[xlj is deter-
up to a certain precision. We then show that the irreducible factor
E f for which KA 1is a p-adic factor of EO, belongs to a certain
cal lattice, and that h0 is relatively short in this lattice. This

3s us to compute this factor ho by means of the so-called basis
tion algorithm (cf. [7: Section 11]).

ns [7] is easily available, we do not consider it to be necessary to
L the basis reduction algorithm here; we will assume the reader to be
iar with this algorithm and its properties.

Although the algorithm presented in this paper is polynomial-time, we
t think it is a useful method for practical purposes. Like the other
alizations of the algorithm from [7], which can be found in [8;9;10;
the algorithm will be slow, because the basis reduction algorithm

o be applied to huge dimensional lattices with large entries. In

ice, a combination of the methods from [6], [14], and [15] can be

mended (cf. [6]).




xliminaries.

Ls section we introduce some notation, and we derive an upper bound

1e coefficients of factors of multivariate polynomials over algebraic

c fields.

Let the algebraic number field @(a) be given as the field of rational
rs @ extended by a root o of a prescribed minimal polynomial

r] with leading coefficient equal to one; i.e. @(a)=@[T]/(F).

arly, we define Z[al=Z[T]/(F) as a ring of polynomials in o over

F degree < I, where I denotes the degree §F of F.

et fe@(a) [Xl, X: ceny Xt] be the polynomial to be factored, with
mmber of variables t=22. By 6if=ni we denote the degree of £ in

for 1<i<t. We often use n instead of nl. Let Q,co(f)=f. For

t we define SLci(f) € Q(oz)[xi+1, X P oee ey Xt] as the leading coef-

i+2
at with respect to Xi of Qci_l(f), and we put &c(f) = Q,Ct(f).

ly, we define the content cont(f) € Q(u)[xz,x , ...,Xt] of £ as the

3
2st common divisor of the coefficients of £ with respect to Xl'
Nithout loss of generality we may assume that 2< nis ni+1 for

t, that f is monic (i.e. f2c(f)=1), and that Sicont(f)=0
2<i<t.

Let deZZ> . Xt], and let discr(F)

1
be such that fe EZZI',oc][Xl, X2, ..

0
2 the discriminant of F. It is well-known (cf. [15]) that if we take

discr(F)|, then all monic factors of £ are in %Zz[oc][xl, X ooy Xt]

2!
act it is sufficient to take D=ds, where s 1is the largest integer

2
that s divides discr(F), but this integer s might be too diffi-

to compute) .




Ne now introduce some notation, similar to [8: Section 1]. Suppose that we

are given a prime number p such that

(2.1) p does not divide D.

i 2
ror G=Zi a; T  ez[T] we denote by G, or Gmodp  the polynomial

2
Ei(ai mod pQ)Tle (Z/pg' z)[T], for any positive integer . Suppose fur-

thermore that we are given some positive integer k, and that p is chosen

in such a way that a polynomial HeZ[T] exists such that

(2.2) H has leading coefficient equal to one,
.. . k
(2.3) Hk divides Fk in (z/p z)[T],
(2.4) H1 is irreducible in (Z/pZ)[T],
2 .. .
(2.5) (Hl) does not divide F1 in (Z/pz)[T].

clearly Hy divides Fl in (Z/pz)[T], and 0<8H<I. 1In the sequel

ve will assume that conditions (2.1), (2.2), (2.3), (2.4), and (2.5) are
satisfied.

SH
By IFq we denote the finite field containing g=p elements. From

SH-1

i
o~ o~ : /
(2.4) we have IIF(‘1 (ZZ/pZZ)[T]/(Hl) {Zi=0 a; aj: aiez,pz}, where o

1
= Tmod (Hl) is a zero of H - Furthermore we put Wk( IFq) = (ZZ/kaZ)[T]/(Hk)
= {ZaH_la ai: a eZZ/kaZ} where o, =Tmod (H,) is a zero of H . Notice
i=0 ik i ! k k k

that Wk( IFC‘I) is a ring containing qk elements, and that Wl(]Fc‘l) 'l']FC‘I.

for aecZlo] we denote by amod (pz,Hl) € WQ,( ]la) the result of the canon-

ical mapping from Z[o]l= Z[T]/(F) to W ( ]F‘:-I) = (Z/pl ZZ)[T]/(HQ) applied
i

2
L€ %Z[a][xlj we denote by §mod (p ,HQ)

a,

to a, for f=1,k. For =X, _1x
1D

the polynomial Zi(((D_lmod pg') ai)mod(pl,Hg)) le' € WSL( IE<'1)[ X1] (notice that

) modpl exists due to (2.1)).




ive an upper bound for the height of a monic factor g of £. As

i i1 1o
3t

it
for g—§£1§2.., ‘Et%ailiz---itjo‘ L Xy .. X € Q(OL)[Xl,Xz, ...,Xt]
ight g is defined as max'ai1i2...itj!' and the length |g| as

L
) i j)2. Similarly, for a polynomial h with complex coefficients,
M of

ine its height hmax as the maximum of the absolute values of its
x coefficients.
'or any choice of ace {al,a2, ...,uI}, where al,az, ...,uI are the

ates of o, we can regard g as a polynomial gu with complex

cients. We define |lg|l as max (g ) . From [3] we have
1<i<T "0i max
zit—1”i
llgll <e el

Section 4] we have shown that this leads to

t

z n
i=1""1 I-1)/2
g <e Tlgl 1 (-1 ED/

-4

I-1
[discr(F)| °.

IF|

13] we know that the length |F| of F is an upper bound for the

te value of the conjugates of o, so that

-1
Nell<fe =T |F
m

[i
ax i=0

14

yields, combined with (2.6),

t

2, . n,
g <e i=1 ig I (I—l)(I 1)/2
max max

- -L I1- i
1T aiser @) | TPl vl

per bound for the height of monic factors of £, as given by the

hand side of (2.7), will be denoted by B Because |discr(F)| =1,

£
d

t '
= + + .
long oz n, log £ ax Ilog(I|F|))

i=1




. Factoring multivariate polynomials over algebraic number fields.

e describe an algorithm to compute the irreducible factorization of £ in

(oc)[xl, Xyr eees xt].

Let 52,53, ...,stezz>o be a (t-1)-tuple of integers. For ge
(u)[xl, X2, .oy Xt] we denote by (jj the polynomial gmodulo ((X2—sz) ’
X3—s3), ey (Xj-sj)) € Q(a)[xl, Xj+1' Xj+2' ceny Xt]; i.e. gj is g with

substituted for Xi' for 2<i<3j. Notice that §1=g and that

.=g, ,modulo (X.-s.). We put g§=g..
gj—l 3755 p g=9,

J

Suppose that a polynomial BEZZ[OL][Xl:] is given such that
3.1) R is monic,
3.2) Bmod(kH) divides ’fmod(kH) i W (F)[x,]
. P orHy L L U
3.3) K mod (p,Hl) is irreducible in IE(;I[le,

2 . . .

3.4) (R mod (p,Hl)) does not divide ¥ mod (p,Hl) in IE(;I[le.

1
= < —_—
e put 2 611’1, so 0<%<n. By hoe Dz[oc][xl, Xoyr wens Xt] we denote

k
he unique, monic, irreducible factor of £ such that Hmod (p ,Hk)

. . k .
ivides Piomod (p ,Hk) in Wk(]Fc‘l)[Xl] (cf. (3.2), (3.3), (3.4)).

3.5) Let M=M,, My Myy eeey m be a t-tuple of integers satisfying

<m<n and 0<m, <6§,%c, ,(f) for 2<i<t, and let M=1+IZF m, N,
i i”i-1 i=1"1 i+l

where of course Nt+1= 1). We define Lc (%)M as the lattice of rank

;, consisting of the polynomials ge %Z[a][xl, Xt seey Xt] for which

2

i < < <i<+t:
i) 61g_m and Gig_ni for 2<ic<t;




= <j<i < <i
If 6j5Lcj_1(g) mj for 1<j<i, then Gi+1£ci(g) m g for 1<ic<H

If §.%c, ,(g)=m, for 1<£i<t, then 2Lc(g)eZ;
ivi-1 i

B d(kH) divides ~mod(kH) in w (F)[X, ]

mo P k v g P k k q 17°

M-dimensional vectors and polynomials satisfying conditions (i), (ii),
ii), are identified in the usual way (cf. [8: (2.6); 11: (2.2)]). For
.onal convenience we only give a basis for L in the case that mi= ni

!<i<t; the general case can easily be derived from this:

{%pkajxi': 0<j<8H, 0<i<2}
U{-é—ocj_sHH(oc)X;': SH< j<I, 0<i< g}
u{é—ajﬁx;_z: 0<j<I, f<i<m}
u {lujxilﬂt (X _-s )ir: 0<j<1I 0<i,<m 0<i <n
D 1 r=2 "r "r ! 1 ! r r
for 2<r<t, (i2,i3,...,it)¢(0,0,...,
and (3_1,12,1.3,...,:Lt):*f(m,n2,n3,...,n1
m_t n,
U{X1nr=2 (Xr sr) }

‘8: (2.6); 11: (2.19)1, (2.2), and (3.1)).

Proposition. Let -
n+m
~ - 3 n.
,=fm b (n+m)!{DN (1+F )I 1 J s.l\ ,
j max max \ 2 max i=2 71 /

l<£3j<t, where fm denotes (£ )m. Suppose that b 1is a non-zero
max max

it of L such that
1
5~

s.2 ((n+m)n_.+1) B, -
j j j-1




‘'or 2<j<t, and

I-1,.% I
3.9) pk6H2|Fl vl .

'hen gcd(f,b) #z1 in Q(oc)[Xl,Xz, ...,Xt].

'roof. Denote by R=R(Df,Db) EZEOL][XZ, Xyr eees Xt] the resultant of Df
imd Db (with respect to the variable Xl) . An outline of the proof is

1s follows. First we prove that an upper bound for (ﬁj)max is given by

;j' Combining this with (3.8), we then see that Xj = sj cannot be a zero

f f{j—l if Rj—li 0, for 2<j<t. This implies that the assumption
hat R#0 (i.e. gcd(f,b)=1) leads to R=#0. We then apply a result
‘rom [6], and we find with (3.9) that Rmod (pk,Hk) #0. But this is a
rontradiction, because Hmod (pk,Hk) divides both I mod (pk,Hk) and

y mod (pk,Hk) in Wk( IE‘q)[Xl]. We conclude that R=0, so that gcd(£f,b) =1

, X, ].

.n Q(a)[xl,xz,... c

If a and b are two polynomials in any number of variables over

)(a), having Q’a and 2% terms respectively, then

b
3.10)  (ab)___<a b __min(2 ,8) (1+F )7L
' max max max a b max
'rom (3.10) we easily derive an upper bound for (ﬁj)max' because

4 eZZ[a][Xj+1, Xj+2' . Xt] is the resultant of ij and DBj:

3.11) (R < OE)® (0807 (ntm) NP4 ) (TD (ndm-l)
Jj max j max j max j+1 max

n-
't follows from fj=fj_ modulo (X.-s.), that (E.) < (F ) (nj+1)SjJ,

1 J 3 j max j-1"max
;o that
: J nj
3.12) (E.) <f 1T, (n,+1)s.—.
j max max i=2 i i




Combining (3.11), (3.12), and a similar bound for (Ej)max' we obtain

n, - -
S-l)n'*m (1+F )(I 1) (n+m 1),
i max

(3.13) ®) <£ b (n+m)!(DN

m
j max max max 2 'i=

2

for 1<j<t. (Remark that (3.13) with "<" replaced by "<" holds for

j=t.)

Now assume, for some j with 2<j<+t, that ﬁj—l is unequal to

zero. We prove that ﬁj # 0. Because Rj = ﬁj—-l modulo (Xj—s.) ; the condition

f{j =0 would imply that all polynomials in Z[Xj] that result from ﬁj—l

by grouping together all terms with identical exponents in o and Xj+1

up to Xt' have (Xj—sj) as a factor. These polynomials have degree (in

Xj) at most (n+m)nj, so that we get, with the result from [12], that

Is,ls((n+m)n,+1)1/2(§, ) .
J J j-1"max

Combined with (3.13) and (3.7) this is a contradiction with (3.8). We con-
clude that ﬁj #z0 if ﬁj—l #0 for any j with 2<j<t, so that the
assumption gcd(f,b)=1 (i.e. R#0) leads to R=#O0.

Assume that Hk(T) divides R(T) ez[T] in (Z/kaZ)[T], i.e.

R mod (pk,Hk) = 0. The polynomial Hk(T) is also a divisor of F(T) in

(Z/pkz)[T], so that gcd(F(T),R(T))=1 and [6: Theorem 2] lead to

kSH I-1
p < |F| (1

1
2

& )t
max

With the remark after (3.13) and (3.7) this is a contradiction with (3.9),

so that Rmod (pk,Hk) # 0. This concludes the proof of (3.6). []

(3.14) Proposition. Let bl' b2, . bM be a reduced basis for L (cf.

[7: Section 1]), where 1L and M are as in (3.5), and let




3.15 B.
( ) j
for 2<j<t
(3.106) S.

J

for 2<j<t

(3.17) o~

and that £
(3.18) (b
and h div

Proof. If h

"if"-part.
To prov

monic factor

and h. €L

0
< |b

(bl)max_

1

of Bf, we
Now sup
does not div
then HAmod (
can be appli
satisfied be

and (3.15).

because f

n-+m
—_ - 1 n:

)1 (2™ 1)n/2/13 DN (1+F )i ipd M)
\ £ 2 max i=2 71

re Bf is as in Section 2. Suppose that

L
m)n.+1) °B,
j j-1

I

-1, 5 I
(T Bt) ’

not contain multiple factors. Then

b if and only if h_e€ L.

1’ 0

ides b then h. e L, because b, € L; this proves the

1’ 0 1

"only if"-part, suppose that hoe L. Because hO is a ,

, we have from (2.7) that (ho) <B_. With [7: (1.11)]

max £

M-1.%

ives Ibllsé(MZ ) Bf so that (3.18) holds, because

cause of (3.18), (3.16), (3.17), (3.15), and the definition
ply (3.6), which yields gcd(f,bl)i 1.

does not divide b

hat hO 1°

This implies that hO also

'==gcd(f,b1), where r can be assumed to be monic. But
divides (/%) mod (pk,Hk), so that Proposition (3.6)

h f replaced by f£/r. Conditions (3.8) and (3.9) are
(£/7) . <B. (cf. (2.7)) and because of (3.16), (3.17),

Jlows that gcd(f/r,b1)¢ 1, which contradicts r==gcd(f,b1)

ot contain multiple factors. [J




LO

(3.19) We describe how to compute the irreducible factor hO of £f. Suppose

chat f does not contain multiple factors, and that the polynomial H#, the

. k
(t-1)-tuple 52,5 ’ ""St' and the prime power p are chosen such that

3
(3.1), (3.2), (3.3), (3.4), (3.16), and (3.17) are satisfied with, for (3.16)

and (3.17), m replaced by n-1. Remember that we also have to take care
chat conditions (2.1), (2.2), (2.3), (2.4), and (2.5) on p and H are
;atisfied.

We apply the basis reduction algorithm (cf. [7: Section 1]) to a se-

. . t
juence of M,-dimensional lattices as in (3.5), where the M.,=1+IX  ,m N,
J j i=1"4i i+1

-un through the range of admissible values for ml,mz, ...,mt (cf. (3.5)),

ln such a way that Mj<Mj+ (So, for m=2, 2+1, ..., n-1, and mi==0,1,

1

...,6i2c (f) for i=+¢t,t-1, ..., 2 in succession.) According to (3.14),

i-1

che first vector b1 that we find that satisfies (3.18) equals iho

(remember that b belongs to a basis for the lattice), so that we can stop

1

Lf such a vector is found. If for none of the lattices a vector satisfying ,

(3.18) is found, then hO is not contained in any of these lattices according

o (3.14), so that h0==f.

(3.20) Proposition. Assume that the conditions in (3.19) are satisfied.

4
rhe polynomial h can be computed in O((61h I[N2) k logp) arithmetic

0 0]

»perations on integers having binary length O(INKk log p).

>roof. Observing that log(IDJpzk)=()U<log£ﬂ (cf. (3.17), (3.15), and
:2.8)), the proof immediately follows from (3.19), (3.5), and [7: (1.26),

(1.37)1. 0

(3.21) We now show how SorSyr eeer Sy and p can be chosen in such a way

:hat the conditions in (3.19) can be satisfied. The algorithm to factor £

chen easily follows by repeated application of (3.19).




11

'e assume that f does not contain multiple factors, so that the resultant

.=R(dAf,df') of df and its derivative df' with respect to X1 is

nequal to zero. First we choose s, s

eeey S, €7
2 ! ' >

3 ¢ minimal such that

0
3.16) is satisfied with m replaced by n-1. It follows from (3.16),

3.15), (2.8), and logD=0(logd+Ilog(IlF|)) (because D=dl|ldiscr(F)|),

hat

log Sj =O(log((n+m)nj) + log Bj— )

1

j-1
= + + +
O(InN+n(log Bf logD+1I log(1+Fmax) +Zi=

1 nilog si) )

- -1
O(n(IN+ log(dfmax) +Ilog(Il|F|) +Zi=1 nilog Si))

‘or 2=j<t, so that

- j-1
logsj—o(n(IN+log(dfmax)+Ilog(IlF|))ﬂi=2(1+nni))
ind
'3.22) 5% n logs. =0T N(IN+log@f ) +Ilog(IlF|)))
U j=2"4 79953 I nax 9 :

'rom the proof of (3.6) it follows that, for this choice of s_, s

2! S3r s Sy

-he resultant ReZ[a]l] of df and dE' is unequal to zero.
Next we choose p minimal such that p does not divide D or discr(F)

ind such that R# Omodulo p. Clearly

g< ddiscr (F) fzm

nq prime, g<p ax

thich yields, together with

Ap
Uq prime, g<p aze




12

for all p>2 and some constant A>0 (cf. [4: Section 22.
(3.23) p=0(logd +1I log(I|F|)+longaX).

Similar to (3.13) we obtain

2n-1 (I

n.
s. 1) (1+F )
1 max

R < f2n—1 nn

(2n-1) ! (N, TI°
max max 2 i=

2

so that we get, using (3.22)
logk _=om™ ! N(IN+log(df ) +T 1o (xlrl)))
9 Snax 91 nax 9 :
Combining this with (3.23) we conclude that
t-1
(3.24) p=0(n N(IN+log(dfmax)+Ilog(I|F|))).

Notice that (2.1) is now satisfied. In order to compute a po
Hez[T] satisfying (2.2), (2.4), (2.5), and (2.3) with k

we factor Fmodp by means of Berlekamp's algorithm [5: Sec
and we choose H as an irreducible factor of Fmodp for w
ﬁmod(p,H1)¢(h such a polynomial H exists because Rmod
(2.4) and (2.3) with k replaced by 1 are clear from the

1, and because we may assume that H has leading coefficie
(2.2) also holds. The condition that discr(F)modp=# 0, fina
that Fmod p does not contain multiple factors, so that (2.

We choose k minimal such that (3.17) holds, so that
t
= + +
klogp=0(I(InN nlog(dfmax) Inlog(IlF|)+nZi=
(cf. (3.15) and (2.8)), which gives, with (3.22) and (3.24)

(3.25) klogp=0(I nt_1 N(I'N+log(dfmax) +1I log(IlFl[))).

chat

1-2)

al
ed by 1,

.6.2]

Conditions
uction of
al to one,
uarantees

satisfied.

g si) + log p)
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Now we apply Hensel's lemma [5: Exercise 4.6.22] to modify H in such a

way that (2.3) holds for this value of k (this is possible because (2.3)
already holds for k=1), and finally we apply Berlekamp's algorithm as
described in [1: Section 5] and Hensel's lemma as in [14] to compute the
irreducible factorization of fmod(pk,Hk) in Wk(na)txlj' Condition

(3.4) is satisfied for each irreducible factor fimod(pk,Hk) of fmod (pk,Hk)
because ﬁmod.(p,Hl)i 0, and (3.1), (3.2), and (3.3) are clear from the

construction of H”.

We have shown how to choose s,., s

5 and p, and how to satisfy

3700 S

the conditions in (3.19). We are now ready for our theorem.

(3.26) Theorem. Let £ be a monic polynomial in éﬂz[a][xl,xz, ...,Xt]
P £} > 1 <n= < < <
with t=2, of degree ni in Xi' and 2<n nl_.nz_ ..._Inf

The irreducible factorization of £ can be found in

t-1
n

5 . .
o (IN) (IN-Plog(dfmax)+-Ilog(IIF|))) arithmetic operations on integers

having binary length O(nt-l(IN)z(IN-Flog(dfmax)+-Ilog(I!Fl))) , where

N=ITF (n.+1).
i=1""4i

Proof. If f does not contain multiple factors, then £ can be factored
by repeated application of (3.19). In that case (3.26) follows from (3.21).
(3.20), (3.25), and the well-known estimates for the applications of
Berlekamp's algorithm and Hensel's lemma (cf.[5;1] and [16]).

If f contains multiple factors, then we first have to compute the

monic gcd g of £ and its derivative with respect to X and the

1’
factoring algorithm is then applied to £/g. The cost of factoring £f/g

satisfies the same estimates as above, because (f/g)maX:SBf (cf. (2.7)),

and this dominates the costs of the computation of g, which can be done

by means of the subresultant algorithm (cf. [2]). [
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